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Construction of Two Non-Isomorphic (11,55,20,4,6) Balanced 
Incomplete Block Designs Having the Same Automorphism Group 
MICH&LE WEIDENFELD 
A simple combinatorial problem derived from a configuration in PSL (2, 11) has two solutions. 
One can look at these solutions from different points of view. Interpreted as involutions, the 
first solutton generates A,, and the second one M,,. Another interpretation produces two 
non-isomorphic (11,55,20,4,6) Balanced Incomplete Block Designs having the same auto- 
morphism group. (The existence of at least one (11,55,20,4,6) BIBD is mentioned in the 
tables of [7].) 
Let L = {CR, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, lo} denote the projective line over the field IF ,, 
and set 10 = (0, 1,2,3,4,5,6,7,8,9, lo}. PSL (2, 11) acts 2-transitively on L and the 
stabilizers of two points of L in PSL (2, 11) are its 66 5-Sylow subgroups. PSL (2, 11) 
has two classes of subgroups isomorphic to A 5, and each class contains 11 subgroups 
(see [3]). Let H = {H,, . . . , HI,} be the 11 subgroups of the first class and 
P={P,, . . .) Plo} the 11 subgroups of the second class. Each Hi and each fi contains 
six 5-Sylow subgroups and a 5-Sylow lies in exactly one of the H’s and one of the P’s. 
More precisely, if the stabilizer of the two distinct points i and j of L is denoted by 
(i, j), and we choose the indexing of the H’s and P’s respectively, so that Hk and Pk 
respectively are the subgroups in H and P respectively containing (03, k), then the 
distribution of the (i, j) inside of the H’s and P’s is (see [S]): 
First class: H 
Ho : (m, 0) (196) (2,4) (5, 8) (3,7) (9, 10) 
H, : (T 1) (0, 10) (297) (395) (6,9) (498) 
Hz : (~4.2) (0, 1) (3, 8) (426) (599) (7, 10) 
H3 : (m, 3) (0, 8) (1,2) (4,9) (597) (6, 10) 
H4 : (p, 4) (0, 7) (1, 9) (2, 3) (6, 8) (5, 10) 
Hs : (c;Q, 5) (096) (1,8) (2, 10) (3,4) (7,9) 
Hc, : (0376) (0,3) (2,9) (435) (137) (8, 10) 
HT : (m, 7) (099) (194) (3, 10) (238) (596) 
Hx : (m, 8) (1, 10) (295) (0,4) (3,9) (697) 
Hy : (mv 9) (092) (396) (195) (4, 10) (7,8) 
Hm: (~9 10) (1, 3) (4, 7) (2, 6) (5, 0) (8, 9) 
Second class: P 
Po : (~10) (1, 2) (3,6) (4, 8) (5, LO) (7,9) 
PI : (~9 1) (0,6) (293) (4,7) (599) (8, 10) 
p2 : (m, 2) (0, 9) (1,7) (3, 4) (5, 8) (6, 10) 
J’3 : (T 3) (017) (1, LO) (2,8) (475) (69) 
R, : (T 4) (0, 2) (1, 8) (3, 9) (5, 6) (7, 10) 
Ps : (CQ, 5) (0, 8) (1, 3) (2, 9) (4, 10) (6, 7) 
6 : (~9 6) (0,5) (179) (294) (3, 10) (7, 8) 
PT : (00, 7) (0, 4) (196) (2, 10) (3, 5) (8, 9) 
Px : (T 8) (0, 3) (1,5) (237) (4,6) (9, 10) 
Pu : (m,9) (0, LO) (194) (296) (3, 8) (5,7) 
P,,: (~9 10) (0, 1) (2, 5) (3, 7) (4, 9) (6, 8) 
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Denote by ($j the set of unordered pairs of elements from a set X. With this notation, 
we have the following properties: 
(1) (03, i) belongs to both Hi and 4; and V(i, j) E (“-2”‘) there are a unique k and a 
unique r such that (i, j) E Hk and (i, j) E P,. Moreover, i + j = k + r (mod 11). 
(2) Each symbol of L occurs once in each Hi and each 4. Equivalently: Vi E 10 Vk E 10 
there are a unique r and a unique t in 10 such that (k, r) E Hi and (k, t) E c. 
(3) Vr, k E 10, H, and Pk have at most one (u, v) E L x L in common. 
Now, forgetting that the H’s and P’s are classes of groups, we can look at H and P 
respectively as subsets of ($). From this point of view, H and P, respectively, partition 
the 66 unordered pairs of (4) into 11 sets of 6 unordered pairs having properties (l), 
(2) and (3) above. 
More generally, let p be any odd integer, L = {a, 0, . . . , p - l}, p = (0, 1, . . . , p - 
l} = L - {m}. Denote by H/P a pair of p subsets of L X L - {(i, i) ) i E L} satisfying 
the following combinatorial problem: 
(1) H = {Ho, HI, . . . , H,_,} and P = {P,, PI, . . . , P,_,}. 
(2) Vi E p, fi, 8 respectively, is a set of (p + 1)/2 unordered pairs of (4) and each 
symbol of L appears once in Hi and Pi respectively. By this condition, we can fix the 
indexing for the Hi and q respectively: the subscript i means that Hi and pi, 
respectively, contain the pair (m, i). 
(3) V(i, j) E (” -2”‘) there are a unique k and a unique r such that (i, j) E Hk and 
(i, j) E P,. Moreover, i +j = k + r (modp). 
(4) Vr, k E p, H, and Pk have at most one (u, v) E L X L in common. 
When p = 11, we made an exhaustive search on a PC computer with the Prolog 
language, and found two solutions: one derived from PSL (2, 11) and another HI/P’: 
H’ 
H;: (m, 0) (1, 7) (2, 5) (3, 10) (4, 6) (8, 9) 
H;: (~0, 1) (0, 4) (2, 8) (3, 6) (5, 7) (9, 10) 
H;: (m, 2) (0, 10) (1, 5) (3, 9) (4, 7) (6, 8) 
Hi: (~3) (0, 1) (2,6) (4, 10) (598) (779) 
H;: (01, 4) (0, 5) (1, 2) (3, 7) (6, 9) (8, 10) 
H;: (w, 5) (0, 9) (L6) (2,3) (4, 8) (7, 10) 
H;: (~6) (0, 8) (1, 10) (2, 7) (394) (599) 
H;: (~7) (012) (L9) (3,8) (4,5) (6, 10) 
H;: (CQ, 8) (0, 7) (1, 3) (2, 10) (4, 9) (5, 6) 
H;: (~9) (0, 3) (198) (294) (5, 10) (677) 
H;,: (m, 10) (0, 6) (1, 4) (279) (3, 5) (7, 8) 
P’ 
Pl,: (TO) (1, 8) (2, 3) (4, 10) (5, 7) (6, 9) 
Pi: (03, 1) (0, 5) (2, 9) (374) (6, 8) (7, 10) 
I’;: (~0, 2) (0, 8) (1, 6) (3, 10) (4, 5) (7, 9) 
P;: (03, 3) (0, 4) (1, 9) (2, 7) (5, 6) (8, 10) 
Pi: (m,4) (0, 9) (L5) (2, 10) (398) (697) 
Pi: (T 5) (0,3) (1, 10) (2,6) (439) (7,8) 
PA: (~6) (0, 2) (1, 4) (3, 7) (5, 10) (8, 9) 
P;: (~7) (0,6) (L3) (2,5) (4, 8) (9, 10) 
P;: (a, 8) (0, 10) (L7) (294) (3,6) (5,9) 
P;: (a, 9) (0, 1) (28) (3,5) (497) (6, 10) 
Pi,: (m, 10) (0,7) (L2) (3,9) (4,6) (5,8) 
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REMARK. The permutation s = ( m, 0) (26) (3,4) (5,9) (7,s) (x --, (l/x) (mod 11)) 
interchanges H and P (Hi -+ P,(i)). The permutation t = (1,2,4, 8, 5, 10,9,7, 3, 6) 
(x+2x (mod 11)) interchanges Z-Z’ and P’ (HI-, P:(i)). The permutation 
(0, 1,2.3,4,5,6,7,8,9,10) ( X+X + 1 (mod 11)) acts on H as Hi+Z-Zi+l~modII~ and in 
the same way on P, H’ and P’. 
Another point of view is to consider each Hi and Hi respectively, as an involution of 
A12. Using the CAYLEY package (see [l]), we found that the involutions in H 
generate A,2, whereas the involutions in H’ generate Ml*. So, there is no permutation 
of S,, interchanging H and H’. 
We can also arrange the unordered pairs (i, j) into 11 x 11 array in such a way that 
(i, j) will appear in cell (k, r) if (i, j) E Hk II P,. Because of the three above properties, 
we obtain two Room squares (see [5]): (see foot of Page). 
With each Room square, we can associate a family of 55 quadruples: 
{[i, j, k, r] ( i, j is placed in line k and column r, k f r} 
If we consider a quadruple as a 4-element subset of L - {co}, then each family of 
quadruples defines a (11,55,20,4,6)-BIBD (see [7]). 
Let Q and Q’, respectively, be the BIBD constructed with H/P and H’/P’, 
respectively, and call triple a 3-element subset of L - {co}. 
HIP 
p, 0 5, 8 2,4 1,6 9, 10 3, 7 
__ 
4,8 co, 1 699 3, 5 2, 7 0, 10 
5,9 @J, 2 7, 10 4, 6 3, 8 0, 1 
1, 2 6, 10 ~,3 0, 8 5,7 4,9 
_ 
5, 10 2, 3 0,7 co, 4 1.9 6, 8 
7, 9 0, 6 3, 4 1,8 my5 2, 10 
- 1, 7 - 2,9 00, 6.. 
._.--._ ~~~ _ 
8, 10 4, 5 0, 3 
0, 9 2, 8 5, 6 3, 10 =, 7 1, 4 
1, 10 3, 9 6, 7 0,4 *, 8 2, 5 
-- 3, 6 0,2 4, 10 7, 8 1,5 m,9 
-- 4, 7 1,3 0,5 8,9 2,6 33, 10 
L 
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H’IP’ 
3, 4 0, 8 2, 7 1, 10 03, 6 
4, 5 1, 9 3, 8 0, 2 
5, 6 2, 10 4, 9 
1, 8 6, 7 0, 3 5, 10 
2, 9 7,8 1,4 
1,3 03,8 
0,6 3,5 m, 10 
PROPOSR~ON 1. Q and Q’ are non-isomorphic. 
PROOF. If we look at how the triples are distributed among the blocks of Q and Q’, 
we observe the following. For Q: 110 triples lie in one block and 55 in two blocks (the 
110 triples provide a (11,110,30,3,6)-BIBD and the 55 triples provide a 
(11,55,15,3,3)-BIBD). For Q’: 110 triples lie in two blocks and 55 do not lie in any 
block (these 110 triples are the same as the previous 110 for Q). Hence, Q and Q ’ 
cannot be isomorphic. 0 
PROPOSI-~~ON 2. Q and Q’ have the same automorphism group: Z/llZ : Z/lOZ (a 
Frobenius group of order 110). 
PROOF. Let G and G’, respectively, be the automorphism groups of Q and Q’ 
respectively. Then G and G’ act on the set T consisting of the 55 triples lying in two 
blocks of Q and no block of Q’. (0,1,2,3,4,5,6,7,8,9,10) and (1,3,9,5,4) 
(2,6,7,10,8) are in both G and G’. Moreover, (0, 1,2,3,4,5,6,7,8,9,10) acts on T; 
under this action, T decomposes into five orbits. These orbits are permuted by 
(1,3,9,5,4) (2,6,7, 10,8); consequently, G and G’ act transitively on T, and, as 
(0, 1,2} is in T: 
ICI = 551G,0,,,I and, similarly, IG’I = 55lG;012)I. 
By taking into account that (0,2) (3,lO) (4,9) (5,8) (6,7) is in both Gtolz) and G& 
we shall show that GC,,12) = G;cw) = ((0, 2) (3, 10) (4, 9) (5, 8) (6, 7) >. 
The proof explicitly uses the position of the triples inside the blocks. A triple {i, j, k} 
is in the block {i, j, k, u} if one of the following conditions hold: 
(1) i, j appears in row k or in column k; 
(2) i, k appears in row j or column j; 
(3) j, k appears in row i or column i. 
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Observe that the cell (r, s) of one of the Room squares is not empty iff the cell (s. r) is 
empty. 
(1) Gt,,iz) = ((0,2) (3, 10) (4,9) (5, 8) (6, 7)). The blocks considered are those of Q. 
(a) Suppose that GW has an element of the form (0)(1)(2)s, where s acts on 
{3,4,5,6,7,8,9,10}. Since the only block containing (0, 1,3} is (0, 1,2,3}, there is 
just one block containing (0, 1, s(3)}, namely (0, 1,2, s(3)}, which forces s(3) to be 3. 
By repeatedly using the same argument with the block containing {1,2,4}, {0,2,6}, 
(0, 1,5}, (0, 1,7}, (0, 1, S}, {0,3,9}, {0,2, lo}, s is forced to be the identity. 
(B) Assume that Gtolz) has an element of the form (0,2)(l)s, where s acts on 
{3,4,5,6,7,8,9,10}. Then (0, 1,2} is in two blocks (0, 1,2, lo} and (0, 1,2,3}, so 
{s(3), ~(10)) = (3, 10). Now, two blocks contain (0, 1,lO): (0, 1,9,10} and 
{0.1,2,10}. Thus two blocks contain its image: { 1,2, s(lO)}, but { 1,2, lo} is just in 
one block so ~(10) = 3; consequently, s(3) = 10. (0, 1, 10) lies in (0, 1,9, lo} and 
{0, 1,2,10}; ~((0, 1, 10)) = {1,2, 3) lies in (0, 1,2,3} and {1,2,3,4}. Therefore 
s(9) =4. (0, 2,9} is in {0,2,4,9} and {0,2,7,9}, so ~((0, 2,9}) = (0, 2,4}) = 
(0, 2, 4) is in {0,2,4,s(4)} and {0,2,4, s(7)): {s(4), s(7)) = {6,9}. Moreover, 
s({O, 294)) = {0,2, r(4)) must be in two blocks, but {0,2,6} is just in one block and 
thus s(4) = 9 and s(7) = 6. Next, {0,2,4} is in {0,2,4,9} and {0,2,4,6}, {0,2.9} is in 
{0,2,4,9> and (2-9, s(6)}, and thus s(6) = 7. As {0,3,8} is in two blocks, its image 
{2,1O,s(8)} must be in two blocks; thus s(8) E (5, 6, 7}, but s(8) can be neither 6 nor 7 
(6 and 7 are already images); so s(8) = 5 and for s(5) there remains just 8; hence, 
.s = (3, 10) (4,9) (7,6) (5, 8). 
(c) If Gt0i2) has an element of the form (0,1)(2)s, where s acts on 
{3,4,5,6,7,8,9, lo}, then (0, 1,2} is in the two blocks (0, 1,2, lo} and (0, 1,2,3}, 
so {s(3), ~(10)) = (3, 10). (0, 1, 3) is just in one block and so is its image: (0, 1, s(3)}, 
and s(3) E (3, 4, 5, 7,8,9}; thus s(3) = 3 and ~(10) = 10. Moreover, {0,2,3} is in one 
block and therefore just one block must contain { 1,2,3}. On the other hand { 1,2,3} 
is in two blocks: consequently, Gt012) does not contain any permutation of the form 
(0, 1)(2)s. 
(d) If GC0i2) has an element of the form (O)(l, 2)s, where s acts on 
{3,4,5,6,7,8,9, lo}, then 
(0,2)(3,10)(4,9)t5,8)(6,7)(0)(1,2)~ (0, 2)(3, 10)(4. 9)(5, 8)(6, 7) = (0, 1)(2)s” 
would be in Gt0i2) which is impossible. 
(e) If GColz) has an element of the form (0, 1,2)s, where s acts on 
{3,4,5,6,7,8,9, lo}, then 
(0, 192)s (0, 2)(3, 10)(4, 9)(5, 8)(6, 7) (0, 2, 1)s~’ = (0, 1)(2)s’ 
would be in GC0i2), which is also impossible. 
Finally, G10i2) = ((0,2)(3, 10)(4,9X5,8)(6,7)). 
(2) G{L02) = ((0, 2)(3, 10)(4, 9)(5, 8)(6, 7)). The blocks considered are those of Q’. 
The proof is quite similar to the previous one and is left to the reader. 
Since ((0, 1,2,3,4,5,6,7,8,9), (1,3,9,5,4)(2,6,7,10,8)) = ZlllZ: Z/5Z. 
((0.1,2,3,4,5,6,7,8,9), (1,3,9,5,4)(X 6,7,10,8), (0,2)(3,10)(4,39)(5,8)(6,7)) 
is a Frobenius group of order 55.2 = 110, so it must be G and G’ and the proof is 
completed. 
Going back to the previous problem: 
(1) Galois showed that the only prime integers p for which PSL (2, P) has a subgroup 
of index p are 5.7 and 11. If p = 5, the problem has no solution. 
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If p = 7 there is one and only one solution which provides a (7,21,12,4,6)-BIBD with 
automorphism group 
((0,1,2,3,4,5,6), (I, 2,4)(3,6,5)(0,5), (1,4)(2,3)) = Z/72: Z/62 
of order 42 (this BIBD is already known (see [7]). This solution gives again the 
configuration of the stabilizers of two points into the two conjugacy classes of A4 in 
PSL (2, 7). 
(2) For other primes p, we have no general conclusion yet. However, if we search out 
the solutions stable under the action of x+x + 1 or (0, 1,2, . . ,p - 1) there is one 
solution if p = 13, 19, 31 and 37 and there are five solutions if p = 23. Moreover, in 
each case, each solution provides a (p, [p(p - 1)/2], 2(p - 1),4, 6) BIBD. 
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